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SYNOPSIS
A method for determining the carrying capacity of restrained
columns of constant cross section is described. The type of column
failure considered is that due to bending about one of the principal
axes of the cross section. The plane of bending is also the plane of
the thrust, applied moments and the restraining moments. The method
is applicable when the loads are applied to the columns with equal or
unequal end eccentricities and can be used for cases where the
restraining moments are not linear functions of the end rotations of
the column. It also takes into account the inelastic action of the
column and thus leads to a solution of the true ultimate carrying
capacity of such members'. It is shown how convenient nomographs may
be developed for columns with one end hinged and for columns with
equal applied end moments and with equal rotational restraints at the
ends. The availability of nomographs for the latter two cases
reduces the effort involved in designing restrained ;columns to a
point where it would be appropriate for design office use.
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INTRODUCTION
Columns in framed structures are not as a rule pin ended. They are
connected at their ends to beams, tension members and other .columns which
provide translational and rotational restraints. The beams of an ordinary
tier building, for example, serve primarily to carry the loads to the
columns. In doing so they also transmit bending moments because of the
rigidity of the beam-to-column connections. These bending moments together
with the axial loads in the columns cause the columns to flex from the
very beginning of loading. Eventually if the axial load in a column be-
comes large enough the sign of the bending moments at the column ends
may change a~d the beams take over the role of restraining the end rotations
of the column.and thereby limit its deflections." It is thus seen that
the restrained column must be studied in order to arrive ata more
·accurate estimate of the strength of columns in a continuous structure.
Such knowledge is necessary in order that further progress may be
made in :the application of plastic design to mult,i-story frames.
various~spects of the restrained column problem have been investi-
gated by Chwa11ap) Bij laard, Fisher, and Winter, (12) Kavanagh, (11)
Bijlaard, (6) Baker, Horne and Roderick,(7) (10) and E11is(9). The present
work systematizes the approach used byChwallaand eX,tends its applic-
ability to cases where the rotational restraints at the ends of .the column
are not elastic.
The type of column that will be considered is illustrated in Fig. 1.
The ends are fully restrained against· translation. The loads consist
of the forces P applied with eccentricities eA and eB.. The ends' of the
column are also subject to restraining moments which are denoted by
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fA(SA) and fB(S~) to indicate their dependency upon end rotations SA and
S~. It will be assumed that the stress-strain diagram and the column
cross section are specified so that moment vs. curvature curves at several
values of the average column stress may be constructed by the methods
.described in Refs. 1, 2, 4 and 5. It will be further assumed that the
shearing force is small compared to the axial force in a column.
THEORY
A column in equilibrium with end moments and end rotations,.as shown
in Fig. 1, may be thought of as a segment of a column deflection curve
such as th,e one shown in Fig. 2.(6) A column deflection curve is the
shape which a compressed member will take when the axial load and its
maximumdef1ectiort Ym are specified. If unloading of the fibers stressed
into the plastic range is ignored, as will be the case in the present
analysis, then the moment vs. curvature relationship will be such that
for every moment there wi11·be but one value of the curvature. (5) For
this condition the shape and wave length of a column deflection curve will
be unique. It also follows from the preceeding that the column deflection
curve is symmetrical about a line perpendicular to the thrust line a~d
passing through a point of maximum deflection on the curve. This means that
the entire column deflection curve may be constructed from a known
.quarter wave length of the same.
A particular column deflection curve for a given section may also
be identified by the load P and S (the rotation at y = 0) or the
o
load P and the curvature at the point where the deflection is a maximum.
In this analysis it was found convenient to use So to identify the column
.deflection curve. The column deflection. curve for a given value of 90
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may be constructed with the aid of the appropriate moment vs. curvature
curve by a numerical integration procedure described in Ref. 4.. Compu-
tations were carried out for an 8WF3l rolled steel column. When the
stresses were entirely in.the .elastic range, checks with theoretically
computed column deflection curves showed that errors in the wave length
and in the maximum deflection were of the order of one tenth of one
percent. The length of increments used in the numerical integration
was 13.88 inche~, or four times the radius of gyration about the axis
of bending.
The solution to an actual restrained column problem involves the
quantities eA, eB, P, L, fA(9) , fB(9), the stress-strain diagram of the
material, and the shape of the cross section. The approach consists of
fixing all but one of the variables and then examining a number of columns
which satisfy the conditions of equilibrium so as to arrive at the one
that yields the greatest value for the open parameter. Since .each of these
columns may be considered as a segment of a column deflection curve,. it
is necessary as a preliminary step to compute several column deflection
curves for each value of P.
GENERAL CASE
. In considering the solution of the stability problem of Fig. 1,
the eccentricity eA will be the variable and L, eA/eB' fB(9'), fA(9.'),
and P will be specified. Each column deflection curve available from
the previous computations for the given load and the given column cross
. section will be examined to determine the location of the segment of
length L which makes eA/eB equal to the prescribed value. Figure 2
illustrates the procedure for the location of the correct segment on
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a colunm deflection curve. End A is located ata trial distance xA
from the end of a colunm deflection curve and end B is found on the curve
at a horizontal distance L fromA. The angles 9A and 9B are knoWn at any
section of the column deflection curve from the numerical integration
used to determine the curve.· The angles 9A, 9~ and the eccentrici~ies
eA, eB are given by the following equations:
9' = 9A - a.A-
9' = 9B + a.B
YA - YB
a. = L
fA<9.U - Py.
eA = .. cA.
P
fB(9i) - Py~
eB = P
fA (9;) - Py
eA/eB
A
=
f B(9i) -PyB
(1)
(2)
(~)
(4)
(5)
(6)
Values for9A, 9i' a. , YA' YB' eA· and eB are positive when they are as
shown in Fig. 2.
Equations 4 and 5 stem from the requirement that at A and B the
external moment must equal the internal moment. The internal moments at
A and Bare .equal to p·YA and p·YB respectively as can be seen by a
consideration of the column deflection curve (Fig. 2). By plotting
eA/eB vs. xA as in Fig. 3, it is possible to arrive graphically at a
value of xA which locates the segment of the colunm deflection curve
representing an equilibrium shape for the specified r.atio of eccentricities.
This segment yields a certain value for e. When values of e· areA· A
plotted against the end rotation of the colunm deflection curve that gave
. ;;.:... :~.:. .,,; .....
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rise to the value of eA, a curve such as the one in Fig. 4 is obtained.
This curve is characteristic of column stability problems. (4) The
horizontal tangent gives the maximum value of ei consistent withequil-
ibrium.
SPECIAL CASE-I
When eA is equal to eB and fA(9) is equal to f B(9) (Fig. 5) the
solution is greatly simplified. For a given value of P and a given
column deflection curve identified by 90 , the slope and the bending
moment p.y, are known at any distance from the point of maximum deflec-
tion. The three quantities are plotted for a number of column deflection
curves to give curves that·are shown diagrammatically in the nomograph
of Fig. 6. Each .column deflection curve supplies one pair of curves
for the nomograph. In the upper portion the internal moment is plotted
against the slope 9 at the corresponding point of the column deflection
curve. In the lower portion, the distance LIZ is plotted against 9.
The distance LIZ is measured from the low point on the column deflection
curve to the point where the slope is measured.
For this case, e, f(9), and P ~ay .be specified and the maximum column
length consistent with equilibrium can then be found. Equilibrium at the
ends of the column in Fig. 5 requires that the internal moment of the
column equal the restr~ining moment f(9) minus the applied moment, P·e.
In the upper portion of the nomograph of Fig. 6, curve A is drawn for
the equation M = f(9) - P·e. The intersection of this line with the
M-9 curve of a column deflection curve gives the value of 9 for which
the equilibrium condition will be satisfied. A vertical line is carried
down from each intersection to the corresponding LIZ vs. 9 curve. This
-6
gives the half length of the column in equilibrium for an end rotation
of 8. By joining a nu~er of points in the lower diagram, curve B is
obtained. The point of horizontal tangency on this curve gives the
half-length of the longest column which will support the load P at the
given eccentricity.
SPECIAL CASE-II
When one end of the column is simply supported and the other ~nd
is restrained (Fig. 7a) an equally convenient nomograph is possible.
Instead of using 8 as an abscissa it is necessary to plot 8' which
corresponds to the rotation at the restrained end. This is equal to
8 - y/L as can be seen from Fig. 7b. The bending moment is determined
as in Special Case-I while the length is measured from the point
where the column deflection curve has a zero deflection and therefore
a zero bending moment. This point of zero bending moment corresponds
to the hinged end of the column. The equilibrium of moments at the
restrained end requires:
(7)
A nomograph for Special Case-II was constructed for an 8WF31 rolled
steel column with a yield stress of 33,000 psi and a maximum residual
stress of 9,900 psi. The residual stress pattern assumed was' identical
to the one assumed in Ref. 8. This nomograph is shown itt Fig. 8. The
length and moment ordinates were non-dimensionalized sofuat the nomograph
could be used with little error for all WF sections~~ Figure 7 of Ref. 8
gives values for the collapse load of beam columns. These columns
t
correspond to those of Special Case-II when the restraining function
fn(8') is identically equal to zero. For this case Mo = P,eB. The
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construction in Fig. 8 shows how Mo may be obtained when the slenderness
ratio of t~e column is specified. Table I shows a comparison of the
results obtained by this method with those of Ref. 8. As can be seen,
both methods give substantially the same results.
P/Py = 0.3
L/r Ma/~ Mo/~ (Ref. 8)
120 0.49 0.49
-
100 0.63 0.65
80 0.73 0.74
60 0.76 0.78
TABLE I
For the more general case when a restraining moment exists at B,
the quantities e B, fB(9) , and P may be taken as the independent
variables. The maximum length consistent with equilibrium remains to be
determined. The use of nomographs for this case follows the description
given for the case of ~qual end eccentricities and end restraints.
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NOMENCLATURE
Length of a segment of a column deflection curve. Also length
ofa restrained column.
Slenderness ratio
Bending moment
App~ied moment at the end of a member
Fully plastic moment value under pure moment
Initial yield moment value under pure moment and in the absence
of residual stresses. (The product of 0y and the section modulus)
Axial thrust
Axial thrust corresponding to a constant compressive stress of
0y over the entire cross section.
Eccentricities at which the axial thrust is applied to the ends
of a column
Radius of gyration about the axis of bending
Distance along a column deflection curve from the point pf zero
displacement
Displacement of a point on the column deflection curve
Maximum displacement on a column deflection curve
Angle between a line Jo~n~ng two points ona column deflection
curve and the line of thrust
Slope of a tangent to the column deflection curve
Slope of the tangent to a column deflection curve where its
deflection is zero
Angle between.a line joining two points on a column deflection
curve and the tangent to the column deflection curve at the
end point of the line
Yield stress (assumed to be 33 ksi for A7 steel)
Maximum compressive residual stress
I
Expressions g~v~ng the restraining moment at the ends of a
column as a function of the end rotation of the column
Fig. I
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